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A new Jacobi elliptic function rational expansion method is presented by means of a new general
ansatz and is very powerful, with aid of symbolic computation, to uniformly construct more new exact
doubly-periodic solutions in terms of rational form Jacobi elliptic function of nonlinear evolution
equations (NLEEs). We choose a (2+1)-dimensional dispersive long wave equation to illustrate the
method. As a result, we obtain the solutions found by most existing Jacobi elliptic function expansion
methods and find other new and more general solutions at the same time. When the modulus of the
Jacobi elliptic functions m — 1 or 0, the corresponding solitary wave solutions and trigonometric

function (singly periodic) solutions are also found.
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1. Introduction

Many activities aim at finding methods for ex-
act solutions of nonlinear evolutions equations, such
as Bdcklund transformation, Darboux transforma-
tion, variable separation approach, various tanh meth-
ods, Painleve method, generalized hyperbolic-function
method, homogeneous balance method, similarity re-
duction method and so on [1-10].

For that there are some relations between the ellip-
tic functions (e.g., Jacobi elliptic functions and Weier-
strass elliptic functions) and some nonlinear evolution
equations (NLEESs). Many authors have paid attention
to this subject to know whether elliptic functions can
be used to express the exact solutions of maore nonlin-
ear equations. Recently, Liu et al. [11] presented a Ja-
cobi elliptic function expansion method that used three
Jacobi elliptic functions to express exact solutions of
some NLEEs. Fan [12] extended the Jacobi elliptic
function method to some NLEEs and, in particular,
special-type nonlinear equations for constructing their
doubly periodic wave solutions. Such equations can-
not be directly dealt with by this method and require
some kinds of pre-possessing techniques. Yan [13] fur-
ther developed an extended Jacobi elliptic function ex-

pansion method by using 12 Jacobi elliptic functions.
Based on the above idea, a new Jacobi elliptic func-
tion rational expansion method is presented by means
of a new general ansatz and is more powerful than the
above Jacobi elliptic function method [12—13] to uni-
formly construct more new exact doubly-periodic so-
lutions in terms of rational formal Jacobi elliptic func-
tions of NLEEs. For illustration, we apply the proposed
method to the (2+1)-dimensional dispersive long wave
equation(DLWE), which reads

Uyt +Vxx+ (UUX)y - 07 (111)

V’[+U)(+(UV))(+ Uxxy: 0 (112)

The (2+1)-dimensional DLWE (1) was first derived
by Boiti et al. [14] as a compatibility for a “weak”
Lax pair. Recently considerable effort has been de-
voted to the study of this system. In [15], Paquin and
Winternitz showed that the symmetry algebra of the
(2+1)-dimensional DLWE (1) is infinite-dimensional
and possesses a Kac-Moody-Virasoro structure. Some
special similarity solutions are also given in [15] by
using symmetry algebra and classical theoretical anal-
ysis. The more general symmetry algebra, w., sym-
metry algebra, is given in [16]. Lou [17] has given
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nine types of the two-dimensional partial differen-
tial equation reductions and thirteen types of the or-
dinary differential equation reductions by means of
the direct and nonclassical method. The systems (1)
have no Painleve property, though they are Lax or
IST integrable [18]. More recently, Tang et al. [19],
by means of the variable separation approach, the
abundant localized coherent structures of the sys-
tem (1) have given out. In [20], the possible chaotic
and fractal localized structures are revealed for the
system (1).

This paper is organized as follows: In Sect. 2 we
summarize the Jacobi elliptic function rational ex-
pansion method. In Sect. 3 we apply the generalized
method to (2+1)-dimensional dispersive long wave
equations and bring out many solutions. Conclusions
will be presented in Section 4.
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Step 1. For a nonlinear evolution equation with
physical fields u;j(x,y,t) in three variables x, y, t,

Fi (U| ) uit7 uiX7 ui)/7 Uitt ) uiXt; Ulyt; uiXX7 Ulyy7 uIXY7 T ) = 07

(2.1)

we use the transformation
Ui (X, y,t) = ui(§),

where k, | and A are constants to be determined later.
Then (2.1) is reduced to the nonlinear ordinary differ-
ential equation (ODE)

E=k(x+ly—At), (22)

Gi(Ui,Ui/,ui//,"') =0. (23)

Step 2. We introduce a new ansatz in terms of a fi-
nite Jacobi elliptic function rational expansion:

2. Summary of the Jacobi Elliptic Function e Qi)
Rational Expansion Method Ui(6) = ao+ El (a” (usn(&) + 1))
- (2.4)
In the following we outline the main steps of our + bi'w .
method: M (usn(g) +1)]
Notice that
dui g dn(§) (aji(sn(§))"*en(&) —bij(sn(§))) 2 —buju(sn(§))' )
€~ A (usn(E) + 1)1 71 05

N E‘, dn(&) (bijj(sn(&))1 =2 — bijj(sn(&))!)

)
& (usn(&) T+ DIt

where sn&, cn&, dn&, ns&, cs&, dsé etc. are Jacobi el-
liptic functions, which are double periodic and posses
the following properties:

1. Properties of triangular functions:

cn?é 4-sn?E = dn?E +m?sn?é =1, (2.6)
2. Derivatives of the Jacobi elliptic functions:

sn’E =cnédné,

cn’é = —snédné, 2.7

dn'é = —mPsnécné,

where m is a modulus. The Jacobi-Glaisher functions
for elliptic functions can be found in [21-23].

Step 3. The underlying mechanism for a series of
fundamental solutions, such as polynomial, exponen-
tial, solitary wave, rational, triangular periodic, Jacobi

)

and Weierstrass doubly periodic solutions to occur, is
that different effects that act to change the wave forms
in many nonlinear equations, i.e. dispersion, dissipa-
tion and nonlinearity, either separately or in various
combinations are able to balance out. We define the
degree of ui(&) as D[ui(&)] = n;, which gives rise to
the degrees of other expressions as

DU”] =ni+a,

(2.8)

D[u?(uﬁ“))s} =nB+ (o+nj)s

Therefore we can get the value of m;j in (2.4). If n; is
a nonnegative integer, then we first make the transfor-
mation u; = ",
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Step 4. Substitute (2.4) into (2.3) along with (2.5)
and (2.7), and then set all coefficients of sn'(&)cnl (£),
i=12-;, j=0,1) to zero, to get an over-
determined system of algebraic equations with respect
to A, I, u, ap, &j and byjj (i =1,2,---; j = 1,2,
. ’m)_

Step 5. Solving the over-determined system of non-
linear algebraic equations by use of Maple, we would
end up with explicit expressions for A, I, u, k, aio, &jj
and bij, (i =12, j =12, ,mi).

In this way, we can get double periodic solutions
with Jacobi elliptic functions. Since:

limsn& =tanh&, lim cn& = seché,
m—1 m—1

lim dné = seché (29.1)
m—1

limsn& =sin&, limcné =cosé,
m-0 m-0 (2.9.2)
limdné =1,
m—0
u; and uy degenerate respectively as the following
form:
1. solitary wave solutions:

e N (g tAON)(E)
u.<5>—ao+j:zl(a,(utanh(ml)j
_ (2.10)
blltanhlfl(é)sech(§)>
" (utann(&) ¥ 1)1 /)
2. triangular function formal solution:
) —an N (g SIN(E)
Ul(é)—aio—f—jz,l(aum
. (2.11)
b._sinl‘l(g)cos(§)>
" (usin(@) T 1)1 /)

So the Jacobi elliptic function rational expansion
method is more powerful than the method by Liu et
al. [11], the method by Fan [12], and the method ex-
tended by Yan [13]. The solutions which contain soli-
tary wave solutions, singular solitary solutions and tri-
angular function formal solutions can be obtained by
the extended method.

Remark1: If we replace the Jacobi elliptic func-
tions sn(&) and cn(&) in the ansatz (2.4) with other
pairs of Jacobi elliptic functions, such as sn(&) and
dn(&€); ns(&) and cs(&); ns(&) and ds(&); sc(&) and
nc(&); de(&) and nc(€); sd(&) and nd(&); cd(&) and

nd(&) [13-14], it is necessary to point out that the
above combinations only require solving the recur-
rent coefficient relation or derivative relation for the
terms of polynomial to close the computation. There-
fore other new double periodic wave solutions, solitary
wave solutions, and triangular functional solutions can
be obtained for some systems. For simplicity we omit
them here.

3. Exact Solutions of the (2+1)-dimensional
Dispersive Long Wave Equation (DLWE)

Let us consider the (2+1)-dimensional dispersive
long wave equation (DLWE), i.e.

{Uyt + Vi 4 (Ully)y = 0, 1)

V’[ + Ux+ (UV)x+ Uxxy - 0

According to the above method, to seek travelling
wave solutions of (3.1) we make the transformation

u(x,y,t) = o(S),
vxyt) =0o(s),
E=x+ly—At,

(3.2)

where | and A are constants to be determined later, and
thus (3.1) become

(3.3)

—l|¢//+0//+l¢/2+l¢¢”:0,
—A,O-/+¢/+((PO-)/+|¢W:0.

According to Step 1 in Section 2, by balancing

9" (&) and (o(&)9(&)) in (3.3), and by balancing
o’ (&) and ¢(&)9” (&) in (3.3), we suppose that (3.3)
has the following formal solutions

¢(€)=ao+a1$€))ﬂ+b1cn(é)usn(é)+l,
- sn(&) en(é)
G(é)_AO+Alusn(§)+l () T 1 (3.4)
sn2 (£) sn(&)en(&)
TR lusn(@) 107 T P usn(®) + 17

where ag, az, by, Ag, A1, Az, By, B are constants to be
determined later.

With the aid of Maple, substituting (3.4) along
with (2.6) and (2.7) into (3.3), yields a set of algebraic
equations for sn'(§)cnt(§), (i =0,1,---; j =0,1).
Setting the coefficients of these terms sn'(&)cn!(&)



532 Y. Chen et al. - Jacobi Elliptic Function Rational Expansion Method with Symbolic Computation

to zero yields a set of over-determined algebraic  Case 1.

equations with respect to ag, a1, by, Ag, Ay, B1, Ay, By, i

|?ind2, p %, a1, by, Ao, A1, Br, A2, By A1=B;L:[J=0,a0=A7a1=:|:m7b1::|:Im,
By use of the Maple soft package “Charsets” Ag=1-1, Ay =—inm?, By = iln?. (3.5)

by Dongming Wang, which is based on the Wu-

elimination method [24], solving the over-determined ~ Case 2.

algebraic equations, we get the following results. bi—A1—Bi—By— =0 ag—2A, -
ag=42m Ag =1 —1+In?, Ay = —2in?. "~
Case 3.
c’.%l;]_Z/A\j_:B]_:BQ:‘LLZO7 aO:JL, b;]_::IZZim7 A0=|—l, A2:—2imz. (37)
Case 4.
8/1mz+2),in/20 V20m? +5 V—1—4m?
y=t-— b=t
2(1+4m?) 4 2
24Im? — 16nmP + | — 4 i(2m? + 3)I 5 5
M= a0 Mg A= 38)
g _ HlV-1-4nmPv2onP+5 o IV-1-4mPvoonP+5 L
1= 4(1+4m?) P2 8 A=
Case 5.

~ 8mPA +20m*A + 10A? — 21 + /24nP + 48 — 3+ 12m?\/— (P + 1) (2P — 1)

- 2(4mB + 10m?* +5m? — 1) ’
ar — V24P 4 48mF — 3+ 12m?2 b _i\/—(mz+1)(4m4—1+6mz)
1= 4(mP+1) e 2+2m? ’

AO_—16m6+32Im5 40m* + 44l 4 4P — 20n12+4+l _i\/—(m2+1)(2m2—1)

B 4(4mb + 10m* +5m2 — 1) B 2+ 2m? ’ a9
A_i(2m4+6mz+ll\/ (MPDHEw -1 | (8P + 16m — 14 4n?) (39)
1 4P+ 2nP +1) e 16(mf +2m+1)

B_il\/ (M2 + 1) (4mf — 1+ 6m2)/24mb + 48m# — 3+ 122/ —(m? + 1) (2m2 — 1)
4(4mP + 14mb + 15mf + 4P — 1)
B, _ 4 V(P + 1)(4nf — 1+ 6nP)v/24mP + 487 — 3 12m?
2=+ 8(n? +2nP +1)
Case 6.
(1 — ) + /P pt — p? — 2P

= L a =4 /mPApf— 22, by =4/~ +p2,
2 N ET— Vet — p? — 1 u

14 2 2 _

Ag=— u +2Iymzz s Imz’ Ar=—ImPu+20u3 =y, Ap=—ImP—lp*+1p?+1pn?,
—p?+ny
By — 4 VM1 p?) By = I/ + % — pZ— p2n?\/—n? + . (3.10)

VP pt—p? —
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Case 7.
2 — VPt — 2 — 2P 4 /P 4t — 2 — 2P — 24/mP + pd — p? — pPnPpd
_rn2_'u4+”2+'u2rnZ ’
—AMP — utA 4+ uPA + uPnPA —
_rnz_'u4+‘u2+u2rnz ’ al—_z\/mz"i‘li —H U rnz7
w2 — P — pt 4 p?m? — 61?4+ 3ttt — 218+ 3Pt I
—1mR — 4+ u? + u2n?
A= —2lp—2mPu+4alud, Ay =—2Im? +2lu’m? — 2lu* + 21 2.

(3.12)

b

b1=B1=By=0,Ag=—

From (3.2), (3.4) and Case 1 -7, we obtain the following solutions for (3.1).
Family 1. From (3.5) we obtain the following rational formal doubly periodic solutions for the DLWE:

ur(x,y,t) = A £men(€) £imen(&), vi(xy,t) =1 —1—ImPsn?(&) £ilmPsn(&)en(&), (3.12)

where & = x+ly— At, | and A are arbitrary constants.
Family 2. From (3.6) we obtain the following rational formal doubly periodic solutions for the DLWE:

(X, Yt) = A £2msn(E),  va(xy,t) = | — 14 Im? —2ImPsn?(€), (3.13)

where & = x+ly—At, | and A are arbitrary constants.
Family 3. From (3.7), we obtain the following rational formal doubly periodic solutions for the DLWE:

uz(X,y,t) = A £2imen(€),  va(xy,t) =1 —1—2ImPsn?(&), (3.14)

where & = x+ly— At, | and A are arbitrary constants.
Family 4. From (3.8), we obtain the following rational formal doubly periodic solutions for the DLWE:

~ BAMP 424 +ivV20mP+5  V20m2+5sn(&) | v—1—4mPen(E)

Ug(X,y,t) = 2(1+4m?) +2isn(&) +4 +isn(§)+2
[y 24l —16mP 1 -4 i(2mP+3)lsn(&) | ilen(s)
Va(X,y,t) = 4(11 4nP) +2isn(E)+4 ~ £2isn(E)+4 (3.15)
5 5
. (=71 - 1)sn?(é) | IV/=T—4mP\/2007 + Bsn(& Jon(£)
(i%isn(§)+1>2 B(i%isn(é)ﬂq)z

where & = x+ly— At, | and A are arbitrary constants.
Family 5. From (3.9), we obtain the following rational formal doubly periodic solutions for the DLWE:

\/24mb + 48m* — 3+ 12nPsn (&) N V(M 1)(4mf — 1+ 6mP)en(€)
(M2 +1) (iz\/(n?Jrll)ﬁrpzl)sn(é) +4) (24 2m?) (i«/(rnZJrl)(Zle)sn(g) n 1)

24-2n¢

U5(X7y,t) = aOZl:
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(2m* 4 6rm? + 1)1 \/—(mP + 1) (2m — 1)sn (&)
(m4+2mZ+1)<iz‘/W5” +4>

V5(X7y7t) = AOZl:

31(8mP + 16m’* — 1 +4mz)sn2(<§)
2
16(mé 4 2m2 + 1) (j:V (mP+1)(2me—1)sn( )

2+2m2

| 1/ =(nP - T)(4nt — 1 6nF) v/24mP -+ 48 — 3+ L2mP\/—(P + 1) (2P — Tjen(€)
(4n8 + 14mP + 15" + 42 — 1) (j:z Wsn@ +4)

I\/—(mz+1)(4m4—1+6mz)\/24mﬁ+48m4—3+12mzsn(§)cn(§)
)
8(mf 4 2m2 + 1) (iv (mP+1) 2P -L)sn(8 )

+

, (3.16)

2+2m2

8mP A +20n* A +-10A P —24 44/ 24 +-48mf —3+12n2 y /— (mP+1) (2mP—1
where & = x+1y—At, a0 = 2(4rr\/15+10m4+5mz—1) v - >'

—16mP-+321m8 —40m* +44m1 44l P —20mP -4+ ;
Ag = 4anP T 57— 1) , I and A are arbitrary constants.

Family 6. From (3.10) we obtain the following rational formal doubly periodic solutions for the DLWE:

VP +pf = 2 — pPPsn(§) | /=P pPen(§) | (=) /P + pf - p? - pPnPA

oy 1) = psn(&)+1 psn(&)+1 VP — 2 — 2 ’
VG(X’yvt):—_IMJFZIHirEzz:Fﬁ}ZzJFmZ_ImZ (—In?u:_silg;;lu)sn(g)
WP (L p)en(§) (I It el L )sn?(§) o1
VP — pZ = 2P (sn(€) + 1) (usn(€) +1)2
WP gePn? /e pePsn(§ Jen(€)
(usn(&) +1)? ’

where & = x+ly—At, | and A are arbitrary constants.
Family 7. From (3.11), we obtain the following rational formal doubly periodic solutions for the DLWE:

VP + pf — 2 — p?ésn(§)

U7(X7y,t) = a0+2

usn(§) +1 ’ (3.18)
vryit) = A+ (=2l —2imRu + 4 pud)sn(E)  (—21mR 4 20 u?m? — 2l u? + 21 u?)sn?(€) '
7 P A = )
usn(&) + 1 (usn(€) +1)2
. /M pd 2 p2mR g P /P pd — 2 — 2R -2 /M pd — 2 — 2l
where & 2—:12+I):—§:1;a0 —zmz " o 4—rrr1]2nz—u4+u2+u2mz )
_ pr—mr =t ptmr =6l p e me 43l p 4t =21 u° 4+ 3Imf ut :
Ag=— 2 , I 'and A are arbitrary constants.
Remark 2: edge, are all new families of doubly periodic solutions
1) The solutions (3.12) reproduce the solution (15)  of the DLWE.
in [22], when Aq = %@jﬁl) -1 3) Three figures are drawn to illustrate the properties

2) The other solutions obtained here, to our knowl-  for some solutions.
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Fig (1.1]
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Fig. 1. The doubly periodic solutions up and vo, wherel =1, =1, m= % t=
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4. Summary and Conclusions

In this paper we have presented the new Jacobi el-
liptic function rational expansion method. The method
is more powerful than the method proposed recently
by Liu [11], Fan [12] and Yan [13]. The (2+1)-
dimensional dispersivelong wave equation (DLWE) is
chosento illustrate the method such that seven families
of new Jacobi €elliptic function solutions are obtained.
When the modulus m — 1, some of these obtained so-

[1] M.J. Ablowitz and P.A. Clarkson, Soliton, Nonlin-
ear Evolution Equations and Inverse Scattering, Cam-
bridge University Press, New York 1991.

[2] V.B. Matveev and M. A. Salle, Darbooux Transforma-
tion and Soliton, Spinger-Verlag, Berlin 1991.

[3] S.Y.LouandJ.Z.Lu,J. Phys. A 29, 4029 (1996); S.Y.
Lou, Phys. Lett. A 277, 94 (2000); S.Y. Louand H.Y.
Ruan, J. Phys. A 34, 305 (2001).

[4] R.Hirtaand J. Satsuma, Phys. Lett. A 85, 407 (1981).

[5] H.W. Tam, W.X. Ma, X.B. Hu, and D.L. Wang, J.
Phys. Soc. Japan 69, 45 (2000).

[6] Y. Chen, B. Li and H. Q. Zhang, Chaos, Solitons and
Fractals 17, 693 (2003); Y. Chen, Z.Y. Yan and H. Q.
Zhang, Theor. Math. Phys. 132, 970 (2002); Y. Chen
and Y. Zheng, IIMPC, 14, 601 (2003); B. Li, Y. Chen,
and H. Q. Zhang, Phys. Lett. A 305, 377 (2002).

[7]1 M.L.Wang, Phys Lett. A 216, 67 (1996).

[8] E.J. Parkes and B.R. Duffy, Comp. Phys. Commun.
98, 288 (1996); E. J. Parkesand B. R. Duffy, Phys. Lett.
A 229, 217 (1997).

[9] Y.T. Gao and B. Tian, Comput. Phys. Commun. 133,

158 (2001).

E. Fan Computer Physics Communications 153, 17

(2003); E. Fan Chaos, Solitons and Fractals 15, 559

(2003); E. Fan Physics Letters A 300, 243 (2002).

S.K.Liu,etal., Phys. Lett. A 290, 72 (2001); S.K. Liu,

et a., Phys. Lett. A 289, 69 (2001).

(10]

(11]

Y. Chen et al. - Jacobi Elliptic Function Rational Expansion Method with Symbolic Computation

Iutions degenerate as solitary wave solutions. The al-
gorithm can also be applied to many nonlinear evolu-
tion equations in mathematical physics. Further work
about various extensions and improvement of the Ja-
cobi function method is needed to find more general
ansatze or the more general subequation.

Acknowl edgements

Thework is supported by the Outstanding Youth Foun-
dation (N0.19925522).

[12] E.Fan, Engui, Hon, and Y. C. Benny, Phys. Lett. A 292,

335 (2002); E. Fan, Engui, H. Q. Zhang, and Jian, Phys.

Lett. A 305, 383 (2002).

Z.Y.Yan, Chaos, Solitons and Fractals 18, 299 (2003);

Z.Y. Yan, Chaos, Solitons and Fractals 15, 575 (2003);

Z.Y. Yan, Computer Physics Communications 148, 30

(2002).

P. Boiti, J. J. P. Leon, M. Manna, and F. Pempinelli, In-

verse Problem 2, 271 (1986); ibid. 3, 371 (1987).

G. Paquin and P. Winternitz, PhysicaD 46, 122 (1990).

S.-Y. Lou, J. Phys. A: Math. Gen. 27, 3235 (1994).

S.-Y. Lou, Math. Methods Appl. Sci. 18, 789 (1995).

S.-Y. Lou, Phys. Lett. A 176, 9 (1993).

X.-Y. Tang, C.-L. Chen, and S.-Y. Lou, J. Phys. A:

Math. Gen. 35, L293 (2002).

X.-Y. Tang and S.-Y. Lou, Chaos, Solitons and Fractals

14, 1451 (2002).

K. Chandrasekharan, Elliptic Function, Springer-

Verlag, Berlin 1978.

D. V. Patrick, Elliptic Function and Elliptic Curves, At

the University Press, Cambridge 1973.

Z.X. Wang and X.J. Xia, Speciad Functions, World

Scientific, Singapore 1989.

[24] W.Wu, Algorithms and Computation, Springer-Verlag,
Berlin 1994, p.1.

[13]

[14]
[19]
[16]
[17]
[18]
[19]
[20]
[21]
[22]

(23]



